Linear s-r upper bound for sum of medians.
Problem with a solution proposed by Arkady Alt , San Jose , California, USA
and Konstantin Knop, St.Petersburg, Russia.
Prove that in any triangle with medians m,, m;,m., semiperimeter s and
inradius r holds inequality
Mg +mp+me < 2s—3<2f —3>r.
Solution.
First we will prove, important by itself, auxiliary inequality

(1) mamyp < Zc‘ziab
Proof.
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Since m2 = 206 +Z) a ,mi = ZC +Z) b then 16((%1"”’) —mﬁmi) =

Q2% + c?) —a®)(2(c> +a®) = b*) - (2> + ab)® = 2((a® - b?)’ — c*(a—b)*) =
2a-b)*(a+b+c)a+b-c)>0.

Using inequality (1) we obtain

(mg +mp + mc)2 = mZ +m}+m?+2(mamp + mpm, + memy) =
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4s% - 3r2 — 12Rr and, therefore, suffice to prove 4s> — 3r2 — 12Rr < (2s - 3(24/3 -3)r) g

Since 5 < 3‘? Rwe have (25 —3(2/3 —3)r)" — (45> =312~ 12Rr) =

12/(R-s(243 -3) - r(9/3 - 16) ) > 12r(R— #R- (23 -3) - r(943 - 16)) =
6(9J3 —16)r(R-2r) > 0.



