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Prove that in any triangle with medians ma, mb, mc, semiperimeter s and

inradius r holds inequality

ma + mb + mc ≤ 2s − 3 2 3 − 3 r .

Solution.

First we will prove, important by itself, auxiliary inequality

(1) mamb ≤ 2c2 + ab
4

Proof.

Since ma
2 = 2b2 + c2 − a2

4
, mb

2 = 2c2 + a2 − b2

4
then 16 2c2 + ab

4

2 − ma
2mb

2 =2b2 + c2 − a22c2 + a2 − b2 − 2c2 + ab2 = 2 a2 − b22 − c2a − b2 =
2a − b2a + b + ca + b − c ≥ 0.

Using inequality (1) we obtainma + mb + mc2 = ma
2 + mb

2 + mc
2 + 2mamb + mbmc + mcma =

3a2 + b2 + c2
4

+ 2∑
cyc

mamb ≤ 3a2 + b2 + c2
4

+ 2∑
cyc

2c2 + ab
4

=
7a2 + b2 + c2 + 2ab + bc + ca

4
= 14s2 − r4R + r + 2s2 + r4R + r

4
=

4s2 − 3r2 − 12Rr and, therefore, suffice to prove 4s2 − 3r2 − 12Rr ≤ 2s − 3 2 3 − 3 r
2
.

Since s ≤ 3 3

2
R we have 2s − 3 2 3 − 3 r

2 − 4s2 − 3r2 − 12Rr =
12r R − s 2 3 − 3 − r 9 3 − 16 ≥ 12r R − 3 3

2
R ⋅ 2 3 − 3 − r 9 3 − 16 =

6 9 3 − 16 rR − 2r ≥ 0.


